
 
Fibersotspe maps

For PER a prime ideal define the residue field of P
to be

k p RP
ppp Rfp p K Kp

Remark The second equality holds because localitation
commutes w taking quotients since it is flat
I f NEM then localizing

o N M Mn o

we get the SES
o Np Mp MN p O

M
p

MN
p

There is a canonical map R k p givenby
R Rp R

prp k P

What is the induced map on Spec

Spec k P o and the kernel of R K P is P

So CO P

theorem let 4 R S be a ring map and



f specs Speck the induced map on spec
For each PeSpeck there is a natural bijection between

the fiber f P E specs and Spec K P Rs

Pf First note that f P Q cSpecs 4 Q P

let u 4 RIP ES U is a multiplicative set since
RIP is Aca 4lb 6 ab

Recall that we have the following homeomorphism

Specht 5 Qespees IQ nu ol

cedi's Q

Notice Q A y O 9 Q EP so f P is contained in

For QE f P we need PE4 Q as well

PE 4 a 4 P EQ PS EQ to PCU s EQ u s

so f P E V PCU s C Spec u s

Which is homeomorphic to Spec W'Ypu is

Thus we just need Xpw's RP
ppp S



We know that RP U S is an isomorphism

Tensoring the SES

O PRp Rp RP
pRp

0

yields

PRP S d Rp S RYppp S 0
112

W'S
The image of x is generated by etfs of the form
f S for pep VIP SES

These correspond to elts of U S of the form KPIU 2

Where u c 4 RIP U which generate Pli's

Thus we get desired isomorphism D

so we now have a nice way to describe fibers

Ex If ECD x y is the inclusion and f

the induced map on Spec what does the fiber
over Pe spec ED look like

If P x a k p Ypp IGGYx a



so Cxy a
K P E G 5 9 a

E a I acy

If D o K o field of fractions of
Cx

So Clay ice K
o

E x y
field of
fractions
of Gex

EI Consider 4 Cl yz x the inclusion

and f the induced map on Spec

Then it D x a we have

QC
acx

d
a

a a

Spee G a y a
yea it a O

or y if a O

If D o

x oG sY
yz QED



The only prime ideal in Cxy that contains y x

but doesn't meet GG is y x itself

So Spec of this ring is a single point

Ex fSpecIQ Spec 7 has fiber over o

Spec Q1 Tho one point

Q
over P specs Q1 0

y


